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ABSTRACT

This paper gives an overview of a comprehensive approach to filter and dynamics
modeling for attitude determination error analysis. The models presented include
both batch least-squares and sequential attitude estimation processes for both
spin-stabilized and three-axis stabilized spacecraft. The discussion includes a brief
description of a dynamics model of strapdown gyros, but it does not cover other
sensor models. Model parameters can be chosen to be solve-for parameters, which
are assumed to be estimated as part of the determination process, or consider
parameters, which are assumed to have errors but not to be estimated. The only
restriction on this choice is that the time evolution of the consider parameters must
not depend on any of the solve-for parameters. The result of an error analysis is an
indication of the contributions of the various error sources to the uncertainties in the
determination of the spacecraft solve-for parameters. The model presented in this
paper gives the uncertainty due to errors in the a priori estimates of the solve-for
parameters, the uncertainty due to measurement noise, the uncertainty due to
dynamic noise (also known as process noise or plant noise), the uncertainty due to
the consider parameters, and the overall uncertainty due to all these sources of
error.
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1. INTRODUCTION

Spacecraft attitude determination involves estimating the orientation of a spacecraft relative to inertial
space, based on measurements from onboard sensors. Attitude determination error analysis is the
computation of the attitude determination accuracy obtainable with sensor data of prescribed error
characteristics, without processing real or simulated sensor data. This analysis takes into account the
presence of certain errors in modeling the sensors and the attitude motion of the spacecraft [Wertz].

This paper gives an overview of a comprehensive approach to filter and dynamics modeling for attitude
determination error analysis. The models presented include both batch least-squares and sequential attitude
estimation processes for both spin-stabilized and three-axis stabilized spacecraft. Model parameters can be
chosen to be solve-for parameters, which are assumed to be estimated as part of the determination process,
or consider parameters, which are assumed to have errors but not to be estimated. The only restriction on
this choice is that the time evolution of the consider parameters must not depend on any of the solve-for
parameters. Great freedom is also allowed in specifying sensor types and measurement scheduling.

The result of an error analysis is an indication of the contributions of the various error sources to the
uncertainties in the determination of the spacecraft solve-for parameters. The model presented in this paper
gives the uncertainty due to errors in the a priori estimates of the solve-for parameters, the uncertainty due
to measurement noise, the uncertainty due to dynamic noise (also known as process noise or plant noise),
the uncertainty due to the consider parameters, and the overall uncertainty due to all these sources of error.
This approach was developed as part of the mathematical specification of algorithms for the
computer-based Attitude Determination Error Analysis System (ADEAS) [Nicholson].

2. DYNAMICS MODEL
The state vector x is an N-dimensional vector of parameters that completely characterizes the system.

For spacecraft attitude determination, the state vector includes spacecraft attitude parameters and sensor
calibration parameters. The state vector is assumed to evolve in time according to the dynamics model

X(1) = f(x(1), 1) + u(s) 2-1)
where the dynamic noise u(?) is a Gaussian white noise process with mean and covariance given by
Elu(t)] =0 and  Efu(nul(r)] =Q &r-1) 2-2)

with EJ...] denoting the expectation value. In this equation Q is the NXN dynamic noise spectral density

matrix and &t - t') denotes the Dirac delta, or unit impulse, function. The state vector includes all the
parameters needed to compute x, even though some of these parameters may have zero derivative.

The true value of the state vector is never exactly known, but can only be estimated. The state estimate
vector x*(t) evolves in time according to

X*(1) = f(x*(1), 1) . (2-3)
The state error vector, given by

Ax(1) = x(1) - x*(1) (2-4)



A General Model for Attitude Determination Error Analysis

is assumed to always remain small, so linear error analysis techniques can be used. Then, to first order,

Ax(t) = X(1) - X*(1t) = flx(1), 1) - f(x*(1), 1) + u(t) = (f1dx)(t) Ax(t) + u(t). (2-5)
Integrating this formally gives

Ax(t) = (1, ') Ax(t') + y(t, t') (2-6)
where the state transition matrix dXt, t') is the solution of the differential equation

a1, 1) = (f1x)(r) 1, ¥) (2-72)
with the initial condition

dXt', t') =1y = the NxN identity matrix (2-7b)
and the random excitation vector yt, t’) is given by the integral

Wt 1) = ft o, ) uge) v, 2-8)
It follows from equations (2-7) and (2-8) that the transition matrix obeys the group property

Nt 1) =N, 1") 1", 1) (2-9)
and that the random excitation vector obeys the relation

Wit t) =D t") yit", t') + y(t, 1) . (2-10)

Equations (2-2) and (2-8) give the relationship

E[yit, t')yI(r", 1)) =0 fort2t" 2t (2-11)
The estimation computations require the random excitation covariance matrix

D(t, )= E[ys, O)yT(t, 1)) = /; ,tcb(t, ') Q DI(t, ") dr”, (2-12)
which equations (2-10) and (2-11) show to obey the relation

D(t, ') = &1, t") D(t", t') DI(1,t") + D(1, ") . (2-13)
2.1 Spin-Stabilized Spacecraft Dynamics Model

For spin-stabilized spacecraft, the attitude matrix Agj(t) which transforms vectors from an inertial
frame 7 to the spacecraft body frame B is given as the product

ABJ(t)=Ap(t) ALI() (2-14)

where the subscript L denotes an intermediate frame in which the total spacecraft angular momentum
vector L is oriented along the positive z-axis. The matrix Ay j(z) is given in terms of the right ascension
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ogt) and declination &) of the angular momentum vector as

Apg(t) =Ax(m2 - §) Az(ax) (2-15)
where A;(6) denotes a rotation by angle 6 about axis i. The matrix Agy (¢) is parameterized by a 3-1-3
Euler axis sequence as

ABL(1) = A3(y) A1(6) A3(9) . (2-16)
For torque-free motion of an axially-symmetric rigid body aft), &), and 6(z) are constant, and

1) = axy(1) (2-17a)
(1) = (1), (2-17b)

where y(t) and (1) are the inertial nutation rate and body nutation rate, respectively [Wertz].
The state vector x(t) for the spin-stabilized case is

x(1) = [oqt), 1), ¢(1), 6(1), yt), wp(t), Wp(t), X ()17, (2-18)

where x,,, is a y-dimensional vector of measurement parameters depending on the sensor complement of

the spacecraft being modeled. We assume that the measurement parameters are constant and that any
deviations of the dynamics from torque-free motion of an axially symmetric rigid body can be

approximated by independent white noise processes uof?), u§(r), ug(t), ug(t), uydt), ur(z), and up(z). The
equations of motion for spin-stabilized spacecraft give the dynamics model

(000 0 0 0 0 0 0] " uglt) ]
0.0 0 0 0 0 0 0 ugt)
0 0 0 0 0 1 0 0, ugt)

=0 0 0 0 0 0 0 047 | xt) + | ugt) (2-19)

0 0 0 0 0 0 1 o0 Uylt)
0.0 0 0 0 0 0 0, u(1)
00 0 0 0 0 0 0 Up(t)
Ou Op Op Ou Op Op Op Opxy Ou

where 0# is a p-dimensional vector of zeros and 0# X is a pxy matrix of zeros. Since the dynamics

model for spin-stabilized spacecraft is linear in the state vector, the state error vector Ax(z) obeys an
equation of the same form as equation (2-19). Thus the state transition matrix, as defined by equation
(2-7), is
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r~— —

1 0 0 0 0 0 0 04
01 0 0 0 0 0 0,
0 0 1 0 0 A 0 047
)= 0 0 0 1 0 0 0 047 (2-20)
0 0 0 0 1 0 4 0,7
0 0 0 0 0 I 0 0
00 0 0 0 0 1 0,7
_o# Op 0y 0y Oy 0y Oy I#J

where

At =t-1. (2-21)

The inverse of the state transition matrix is

- o

ol r) = T (2-22)

S O N © O O
12
[
-
XD
w®
~

S © © © ~ ©
S © © ~ © ©
S N~ © © © ©
t
~ © O B O o
-
S © © ©
S
®
iﬂ

T
0 0y
ooooozoyT

S S O O O O~

Oy Oy Oy Oy Oy Oy Oy Iy

b o

and the random excitation covariance matrix is

e

O 0 0 0 0 0 0 0,7
0 Q5 0 0 0 0 0 0,7
0 0 Qp+(1/3)Qr(A)? 0 0 (1/2)QrAt 0 0,7
Dit,t)=|10 0 0 o]’} 0 0 0 0,7 | Ar, (2-23)
0 0 0 0 Qu+(I30p(AR 0 (12)QpAr 047
0 0 (1720 0 0 Or 0 0,
0 0 0 0 (172)Qpa 0 0 0,7
| Ou Op Oy Ou Ou O Ou Opxu |
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where Q  is defined by

Efugft)ugft')] = Qg &t- 1) (2:24)
with similar relations for 0§, Q¢, 0o QW’ QOr,and Qp.
2.2 Three-Axis Stabilized Spacecraft Dynamics Model

For three-axis stabilized spacecraft, the attitude matrix Apj(t) is given as the product
Ap(t) = ABR(t) ARI(?) (2-25)

where the subscript R denotes a reference frame, which can be, for example, Earth-pointing,
Sun-pointing, or inertial. The inertial-to-reference matrix AR/(?) for any reference system is computed

from the reference vectors defining that system. The nominal spacecraft attitude with respect to the
reference frame evolves over time according to

ApR(t) =- @gR(t) ABR(1) , (2:26)

where GgR(t) is the 3x3 antisymmetric matrix

0 -[wpRr()];  [wBR(1)]y
@pr()= | [wBR(Y)I; 0 - [@BR()]x 2-27)
| -[ogr(ly  [@BR(MIx 0 ]

defined from the column vector awpgp(t) containing the components in the body frame of the spacecraft

angular velocity relative to the reference frame. The nominal attitude profile is used for determining
measurement geometry, sensor line-of-sight occultation, and related effects.

The attitude error is defined in terms of a three-component attitude error vector AB(t), whose
components are the small rotations about each of the spacecraft body axes that would align the true body
axes with the estimates of these axes. In terms of the true attitude AgR(t) relative to the reference frame

and the estimate Agp*(?) of this attitude,

ABR*(1) = (I3 + AB(1)] ABR(1), (2-28)

where I3 is the 3x3 identity matrix and the antisymmetric matrix A‘Gv(t) is defined similarly to equation
(2-27).

The true attitude relative to inertial space evolves according to
ABI(1) =- GBI(1) ABI(Y) , (2-29)

where wpJ() is the column vector of components in the body frame of the spacecraft angular velocity
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relative to inertial space. Similarly, the estimated attitude relative to inertial space evolves according to

ABpH(1) =- @p*(1) Agr*(1) , (2-30)

where wpr*(t) is the column vector of estimates of wp (t). These equations form the basis of the attitude
error propagation, since this is assumed to be based on information obtained from gyros, which provide
the estimates wpg*(t) of the angular rates relative to inertial space. The attitude estimate relative to inertial
space is related to the estimate relative to the reference frame by the analog of equation (2-25):

Apr*(t) = ABR*(t) ARI(1). (2-31)
Then from equations (2-25) - (2-31) we have
d(AB)/dt = d(AgR* ApRT)/dt = d(App* AgjTids = Agp (e) AgyT(1) + Agr*(t) ApyT(r)
= - Gp*(1) Apr*(t) ApT(1) + Apr(1) Ap(1) Gpy (1)
= - Q1) [13 + AX0)] + [I3 + AB(1)] Tgy(1). (2-32)
We now define the angular velocity measurement error vector by
Awp(t) = wpr*(t) - wpj(t) (2-33)
and assume that its components are small. Then, to first order in Awgy and A8
d(AB)/ds = - Bgy(t) A1) + A1) Bpy(1) - ABp(0), (2-34)
which is, in vector form
AB(1) = - Bpy(1) A6(1) - Awpy(t) | (2-35)

The angular velocity measurement errors arise from gyro errors, and a general model for these errors
gives [Nicholson]

Awgj(t) = Ab(t) + SAt) Ak - Bpy(t) Ae - ug(t) (2-36)

where Ab(t) is a vector of first-order Markov processes representing the gyro drift rate biases, Ak is a

vector of constant gyro scale factor errors, Ae is a vector of constant gyro misalignment errors, ugt) is a
vector of white-noise processes representing the gyro drift rate noise, and

Q1) = diag [wp)T(1) ], (2-37)

which means that £(z) is the diagonal matrix with the components of wpg () as the diagonal elements.
The drift rate bias vector is assumed to evolve according to

Ab(t) = - Ab(1)/T+ up(t), (2-38)
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where 7 is the correlation time of the Markov processes and up(t) is a vector of white-noise processes

representing the gyro drift rate ramp noise. The white noise processes ug(t) and up(t) have means and
covariances given by

Efugt)] =0, Elug(tiugh(t)] = Qg &t - t') (2-39a)
E[up(t)] =0, E[up(t)upl(t)] = Qp &t - 1) (2-39b)
and Elug( t)ubT( t')] =0, (2-39¢)

where Qg and Qp, are 3x3 symmetric, non-negative-definite matrices that are assumed to be constant. This

gyro error model is a generalization of the model in [Lefferts] to include scale factor and misalignment
eITorsS.

The state error vector for the three-axis stabilized case 1s

Ax(t) = [A07(1), AbT (1), AKT, A€T, Ax,, T(eNT . (2—-40)

where Ax,, is the error in a g-dimensional vector of measurement parameters depending on the sensor

complement of the spacecraft being modeled, as in the spin-stabilized case. The time evolution of this
vector is given, using the above models, by

p— — o —-—

-apy(1) - 13 -y Gpi(t) O3xy ug(t)
03x3  -13/t  03x3  03x3  O3xu up(t)
Ax(r) =| 03x3 033 033 03x3 O3xu | Ax(1) + | 03 (2-41)
03x3  03x3  03x3  O03x3  O3xu 03
L_Ouxj’ Oux3  Oux3  Oux3 Ouxu 1 _0# |

where 03 is a 3-dimensional vector of zeros and Oy is a jxk matrix of zeros. The state transition matrix,
as defined by equation (2-7) is then

i Dog(t, ') Pgp(t, 1) Pgi(t, 1) 13- Pgglt, 1) 03 XU ]
03x3 Dpp(t, 1) 03x3 03x3 03xu
1, 1)= | 03x3 03x3 I3 03x3 03 xu (2-42)
03x3 03x3 03x3 I3 03xu
Oux3 Oux3 Oux3 Oux3 Iy

10
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where

Dgp(t, t') = - _/;t Dot t") exp[- (" - t')/T] dt” (2-43a)
t

Doy(t, ') =- _/; , Dot t") L(t") dt” (2-43b)

Dpp(t, ') = I3 exp[- (- 1)IT]. (2-43c)

The artitude error propagation matrix @gg(t, t') is given by the differential equation
Dog(t, 1) = - DpI(t) Poe(t, 1) (2-442)
with the initial condition
Dgp(t', t') =13 . (2-44b)

The form of equation (2-44a) is identical to that of equation (2-29) for the attitude matrix Agj(z). Thus

D1, ') must also act as a transition matrix for the attitude:

ABI(t) = Dgg(t, t') ABI(1'), (2-45)
or
Dot ) = Apy(r) Ag[T(1). (2-46)

Equations (2-43) reduce to quadrature after substitution of equation (2-46), where Agj(t) is given in

terms of the nominal attitude profile by equation (2-25). The matrix £(t), which is needed to evaluate
equation (2-43b), is also given in terms of the nominal profile by the following argument. The integral is

broken up into time steps of length Az, chosen to keep integration errors below a specified tolerance
[Nicholson]. The contribution of the interval between ¢ and ¢ + At requires the matrix 2 Atr, where Q
denotes the average value of £X(z) over the time interval. This matrix has the same elements, rearranged by
row and column, as the matrix 53 [ At, where wprdenotes the time average of wpg(t) over the interval.
This is given in terms of the result of integrating equation (2-29) over the interval, and ignoring terms of
higher than first order in At ; |

ABI(t+ At)= [ I3~ &gy At ] Ap[(1), (2-47)
or
dprat = (1/2)[Ag(t) Agl(t + At) - Agy(t + At) Agj(1)]. (2-48)

11
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Since the submatrix @gg(t, t') is seen from equation (2-46) to be orthogonal, the inverse of the state

transition matrix is given by

Doo” - Deg" PepPrp! - Pog” Pk
03x3 Dpp!
Q)= | 033 03x3
03x3 03x3
0ux3 Oux3

03x3 03x3
I3 03x3
03x3 I3

Oux3 Oux3

13 - QQOT 03)(#

03xu
03x,u
03x,u
Iy

-

(2-49)

-

where the time arguments of the submatrices, which have been omitted for compactness, are the same as

the arguments of the full matrix, and

Dppl(r, 1) =13 exp[(t - 1)/ 7],
The random excitation covariance matrix is

Dgg(t,t) Dgp(t, 1) 033
Dgpl(r, 1) Dpp(t,t)  03x3

D, t) = | 03x3 03x3 03x3
03x3 03x3 03x3
Oux3 Oux3 Ouxs

where

03x3
03x3
03x3
03x3
Opux3

03 Xu
03 xu
03 XU
03 XU
Opuxu

t
Dog(t, 1) = f: " [Dpp(t, 1) Qg PegT(t, 1) + Dep(t, 1) Op PepT(1, 1")] dr”

4
Dep(t, t') = /t " Dgp(t, ") Op Dpp(t, 1) di”
r t " ” ”
Dpplt, t)=/;, Dpp(t, ") Op Ppp(t, t”) dr”.

with Qg and Qp given by equations (2-39).

12
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3. ESTIMATION AND COVARIANCE ANALYSIS

A filter produces state estimates based on information obtained from measurements made at discrete
times. Let y; be an n;-dimensional vector of measurement values obtained at time ;. Measurements are

related to the state vector by the following measurement model:
yi = 8i(x(t)) + v (3-1)

where V; is a Gaussian white noise process with mean and covariance given by

E[v]=0 (3-2a)
E[vvI] =R; (3-2b)
E[vyT]=0 fori#]. (3-2¢)

The functions g; are assumed to be known functions of imprecisely known arguments. Therefore, it is
possible to compute predicted measurement values by

yi* = gi(x*(1;)) (3-3)
The measurement residual between the actual and computed measurements is theft
Ay; = y;i- ¥ = 8i(x(1) - gi(x*(1;)) + v; =G; Ax(t;) + v, (3-4)
where G; = dg;/ox(1;) (3-5)
and Ax is assumed to be small.
It is usually not necessary to estimate all of the state parameters. Therefore, a filter may produce
estimates for a set of solve-for parameters which are a subset of the state parameters. The filter does not

account for the remaining state parameters, which are called consider parameters since they contain
uncertainties that are considered in the error analysis. The state error vector is thus partitioned as follows:

As(t)
Ax(t) = (3-6)
Ac(t)
where As(1) = solve-for parameter error vector

Ac(t) = consider parameter error vector.

The random excitation vector, the state transition matrix and the random excitation covariance matrix have
similar partitionings:

Vs(t, 1)

Wt 1) = (3-7a)
Ve(t, 1)

13
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Deo(t, 1) Dy (1, t')
1 t) = (3-7b)
0 Do(t, 1)

and

D1, ') Dg.(t, 1)
D, 1) = . (3-7¢)
D (1, 1) Dec(t, 1)

The error propagation equation (2-6) can then be rewritten as

As(t) = D (1, U)As(t) + D (1, 1')Ac(t) + y(t, 1) (3-8)

Ac(t) = @ (1, 1')Ac(t') + W (1, 1) . (3-9)
The partitioning used in equations (3-6) to (3-9) is not the same as the partitioning of the state vector
used in section 2. The two partitionings are related by row and column interchanges, depending on the
selection of solve-for and consider parameters. The zero in the state transition matrix in equation (3-7b)
reflects an assumption that the time evolution of the consider parameters does not depend on any of the
solve-for parameters. This restriction assures that solve-for parameter errors do not induce additional
consider parameter errors during propagation. In the case of the three-axis stabilized case discussed in

section 2.2 this means that it is impossible to solve for any gyro parameters without also solving for the
attitude. Work is continuing on removing this restriction from the model.

There are four basic contributions to the total solve-for parameter error:
As(t) = Asg(t) + Asy(t) + Asp(1) + Asy(t) (3-10)
where Asg(t) = the error at time ¢ due to an a priori error at the epoch time 1,
As,(t) = the error due to measurement noise

As(t) = the error at time ¢ due to consider parameter errors at time z,,

Asy,(t) = the error due to dynamic noise.

Substituting equation (3-10) into equation (3-8), and using equation (3-9), gives

Asy(t) = DL, 1)Asy(1) (3-11a)
Asy(t) = Dy (1, U)Asp(t) (3-11b)
Asp(t) = Dy(1, 1')As (1) + Dy (1, 1) D (1, 15)Ac(ty) (3-11¢)
Asy(1) = Dy i(t, 1')Asy (1) + Dy o1, P)Y (T, 15) + W(LE). (3-114d)

14
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The function of a full estimation system is to determine an estimate s*(z) given measurements y;.

Error analysis, however, does not require the actual computation of an estimate, but determines how good
an estimate would be if it were produced in a given situation. This is done by computing the estimation
covariance matrix defined by

P(t) = E[As(1)AsT(1)]. (3-12)

The covariance matrix P(t) provides a statistical measure of how good an estimate could be produced at
time 7 of a given scenario. We assume that at the epoch time t,, the solve for error As(z,) and the consider

error Ac(t,) are uncorrelated. If all the various error sources are also initially uncorrelated, then by

equations (3-11) they remain uncorrelated at all times. Thus, substituting equation (3-10) into equation
(3-12) gives

P(t) = Py(t) + Py(t) + Po(t) + Py(t) (3-13)
where Py(t)= E[Asy(t)As 1(1)] (3-14a)
P (1) = E[As,(t)As,T(1)] (3-14b)
P (1) = E[Aso(t)As T(1)] (3-14c)
Py,(1) = E[ As,(1)As,T(1)] . (3-14d)

In addition to providing a solve-for parameter estimate, an estimation system will generally also
compute an estimate P* of the estimation covariance P. Since the true a priori error and noise covariance
matrices may not be known, the estimation system must use assumed values for the covariances of these
error sources. Further, the estimation filter, by definition, does not account for consider parameter errors.
Therefore, there are three basic contributions to P*;

P*(t) = Pa*(t) + P*(t) + Py*(t) (3-15)
where P ,*(t) = the covariance contribution at time ¢ induced by the assumed a priori covariance

P,*(t) = the covariance contribution induced by the assumed measurement noise covariance

P,*(t) = the covariance contribution induced by the assumed dynamic noise covariance

If the assumed covariances do not reflect the actual values (the filter is mistuned) then there will be some
covariance contribution due to residual a priori error, measurement noise and dynamic noise. Thus

P(t) = P*(t) + P(t) + AP 4(t) + APy(t) + AP (1) (3-16)
where AP (1) = Py(t) - Pg*(1) ' (3-17a)

APy(t) = Py(t) - Py*(1) (3-17b)

AP (1) = Py(t) - P, X(2) . (3-17¢)

Note that these matrices may not be non-negative-definite.

15
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3.1 Batch Filter Covariance Analysis

A batch filter produces an estimate s*(z,) at an epoch time ¢,, based on a single batch of measurements
y that may have been made at various times. Thus

Y1 yr* Ay
e y* cee and AyE e . (3'18)
Ym Ym™ Ay,

A ]
1]

The batch filter produces an estimate s*(t,,) that gives the computed measurement y* which minimizes the
cost function

V= AyTWAy + As,*TW ,As ) * (3-19)
As, = 8(ty) - 5p* (3-20b)
where W = positive-definite symmetric measurement weight matrix

So* = a priori estimate of s(z,)

W, = non-negative-definite symmetric a priori weight matrix.

Since the batch filter determines s*(z,), it is necessary to relate Ay to As(z,). Substituting equation
(2-6) into equation (3-4), and using the partitioning of equations (3-6) and (3-7b), gives

Ay; = G; [Py, 1,)Ax(1,) + Y(1;, 1) + V; = F; As(1,) + C; Ac(1y) + U + v (3-21)
where
Dys(1;, 10) Dsc(;, 10)
FiEGi , CiEGi and UiEGi (4, to) - (3-22)
Then Ay = FAs(ty) + Ae (3-23)
where Ae=CAc(ty) + U+ v (3-24a)
and
F;
F=| - (3-24b)
Fm

with C, U and v defined similarly from C;, U; and v;.

16
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Substituting equations (3-20a) and (3-23) into equation (3-19) for the cost function gives
V = AsT(t,) (W, + FTWF) As(t,) + AsI(t,) (FTWAe - W,4s,,)
+ (AeTWF - As,TW,) As(1,) + AeTWAe + As,TW 45,
= [As(ty) + Wy I(FTWAe - W, As,)]T Wy, [As(ty) + Wyl (FTW Ae - W, A4s,)]
- (FTWAe - W, As,)T Wy! (FTWAe - WyAs,) + AeTWAe + As,TW,As,  (3-25)
where W,=W, + FTWF . (3-26)

The matrix Wy, is known as the normal matrix. The final equality in equation (3-25) is valid as long as W),

is nonsingular. The singularity (or ill-conditioning) of the normal matrix indicates a lack of observability
of the solve-for parameters from the measurements y.

If W, is nonsingular, then it is clear from the form of equation (3-25) that V is minimized when

As(ty) = - Wyl (FTWAe - W, As,)
= - Wyl {FTW [CAc(t,) + U + V] - WyAs,}

where Asgty) = WylW, As,, (3-282)
Asy(ty) =- W, IFTWy (3-28b)
Asg(ty) = - Wy AFTWC Ac(t,y) (3-28¢)
Asy(ty) = - W, IFTWU . (3-28d)

The estimate s*(z,,) at the epoch time ¢, may be propagated to any other time using equation (2-3). The
solve-for parameter errors at these other times are given by equations (3-11), with #' = ¢, and with
equations (3-28) as initial conditions.

Using equations (3-11a) and (3-28a) in equation (3-14a) gives the a priori error induced contribution to
the solve-for covariance:

Py(t) = D(t, 15) Pylty) D1, 1) (3-29)
where Pg(tp) = WylW,P W, Wy ! (3-30)
with P,=E[As,As5,7] . (3-31)

Using equations (3-11b) and (3-28b) in equation (3-14b) gives the measurement noise induced
contribution to the solve-for covariance:
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Py(1) = @((1, 15) Pp(ty) P (1, 15) (3-32)
where P,(t,) = W, IFTWRWFW -1 (3-33)
with R=E[v] . (3-34)

Using equations (3-11c) and (3-28c) in equation (3-14c) gives the consider parameter induced contribution
to the solve-for covariance:

P(t) = (3s/dc)(t) E[ Ac(t,)AcT(1,)] (Os/dc)!(t) (3-35)

where (3s/0c)(t) = - Dy (t, 15) Wy IFTWC + Dy (1, 1,) . (3-36)

The computation of the dynamic noise contribution P, is complicated by the fact that the U in equation

(3-284d) is correlated with the (s, 1) term introduced by the propagation equation (3-11d). Using
equations (3-11d) and (3-28d) in equation (3-14d) gives

Py(t) = Du(t, 15) Pylty) DTt 1,) - Dylt, 1) W IFTW E[UWT(1, 1,)]
- E[y(t, to)UT] WEW - 1 T(1, 1) + Dyt 1) (3-37)

where Py (t,) = Wy IFTWE[UUTJWFW -1 . (3-38)

From equation (3-22) we have

GiD(t},15)GT -+ GiD'(1, ty)Gpl
E[UUT] = (3-39a)
GuD(t, t1)G1T -+ GpuD(ty, 1o)G T
G ID’S( t, t)
E[Uys1(1, 15)] = (3-39b)
G D s(t> 1)
where D'(y;, 1;) = E[y(t;, to)¥" (8}, 15)] = [D's(1;, ), D'e(t;, )]
= (1, 1;) D(1;, 1p) = V1;, 1) D1(1,1,) D(1;, 1) for g; 21;
= D(t;, to) D1, 1)) = [ (1}, 1) @18, 15) D(1;, 1,)]T  for g 21;. (3-40)

The last equality on the first line of equation (3-40) indicates a partitioning of D(z;, ¢;) into submatrices
D’y(t;, t;) and D'c(1;, 1), and the equalities on the last two lines follow from equations (2-9) to (2-11).
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A minimum variance batch estimator produces solve-for parameter estimates with minium covariance
due to noise sources known to the filter [Sorenson, Wertz]. The weights for such a filter are chosen as
follows:

W=R*Il and W,=P,*I (3-41)
where R* = an assumed value for the measurement noise covariance
Py* = an assumed value for the a priori error covariance.

The estimated covariance at the epoch time P*(z,) is obtained by substituting equations (3-41) into
equations (3-30) and (3-33), and assuming that R = R* and P, = P,*, giving

P¥(1,) = Pg*(ty) + Py¥(ty) = Wy l(Wy + FIWF)W 1 = W1 (3-42)
with Pa¥(t,) = Wy IW W1 (3-43a)
Py¥(ty) = Wy lFTWFW -1, (3-43b)

Note that the P,*(1,) = 0 because the batch filter does not account for dynamic noise at all. The covariance
estimate is propagated to other times by using equations (3-29) and (3-32), which give

P*(1) = Dy (1, 1) PX(1,) D I(1, 1) . (3-44)

Using equations (3-30), (3-33), (3-41) and (3-43) in equations (3-17) gives the residual covariance
contributions:

APy(ty) = WydW (P, - Po* )W W, (3-45a)
APy(1,) = Wy I FTW(R - R*)WFW -1 (3-45b)
APy (1,) = Py(t,) . (3-45¢)

The matrices propagate in the same manner as P, P,, and P, respectively.

3.2 Sequential Filter Covariance Analysis

A sequential filter produces an estimate s*(z) based on measurements taken at discrete times #; <.
Between the measurement times #;, the state estimate x*(#) is propagated using equation (2-3). At each
time ¢;, the solve-for parameters are updated based on the propagated state x*(z;) and the measurements y;.
Typically, this update has the following form:

s*(1;) = s*(t;-) + K;Ay; (3-46)

where s*(1;) and s*(t;-) denote estimates of the solve-for parameters immediately after and immediately
before incorporating the information contained in the measurements at time #;. The gain matrix K;
determines how much the propagated state is corrected, based on the measurement residuals Ay;.
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The estimation error immediately after an update is
AS(II') = S(Ii) - S*(Ii) = S(ti) - S*(Ii-) - KiAy,- = AS(Ii-) - KiAy,- (3-47)

since the true state is continuous at #;. Substituting equation (3-4) for Ay; and using the partitioning of
equation (3-6) gives

AS(II') = AS(ti-) - Ki [GiAX(ti-) + Vi]
=(I- KiGSi) AS(ti-) - Ki [GciAC(ti-) + Vi] (3-48)

where G; has been partitioned as
Gi=[Gsi Geil - (3-49)

Substituting equation (3-10) into equation (3-48), and using equation (3-9), gives update equations for
each of the contributions to the total solve-for error:

Asg(t) = (I - KiGy) Asglty-) (3-502)
Asy(t) = (I - KGgj) Asp(ti) - Kyv, (3-50b)
Ase(ty) = (I - KiGgj) Ase(t-) - KG i@ clt; , o) Ac(ty) (3-50c)
Asy(ty) = (I - KiGygi) Asy(t;-) - KiGeiw(tisto) - (3-50d)

Each of these error contributions may be propagated individually between measurement times using
equations (3-11), with the initial conditions:

ASa(to) = ASO (3"513.)
Asp(t,) = Asg(t,) = Asy(t,) = 0, (3-51b)

where As,, is defined in equation (3-20b).

Using equation (3-11a) in equation (3-14a) gives the propagation equation for the a priori error
induced contribution to the solve-for covariance:

Po(t) = D1, 1) Pa(ty) @ I(1 1) fort; <1<ty (3-52)
where Pg(tp) =Py (3-53)

with the a priori covariance P, defined in equation (3-31). Substituting equation (3-50a) into equation
(3-14a) gives the update equation:

Pa(t) = (I - KGg;) Pa(ti-) (I - KiGg)T . (3-54)
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Using equation (3-11b) in equation (3-14b) gives the propagation equation for the measurement noise
induced contribution to the solve-for covariance:

Py(t) = Do(t, ;) Pp(ty) OgT(r, 1) fore; <t<i;y (3-55)
where Pu(ty) =0 (3-56)
Substituting equation (3-50b) into equation (3-14b) gives the update equation:

Pu(t;) = (I -K,Ggp) Pp(t;-) (I - KiGg)T + KRK,T (3-57)
with R; defined by equation (3-2b).

The consider parameter induced contribution to the covariance can be most easily expressed in terms of
the partial derivative (ds/dc)(t) implicitly defined by

As(t) = (Os/dc)(t) Ac(ty) . (3-58)
Substituting this into equation (3-11c) gives the propagation equation:

(Os/dc)(t) = Dgy(t, 1;) (05/3c)(t;) + Dge(t, 1;)Dee(ty ty) fort; <t <ty (3-59)
where (@s/de)(ty) = 0. (3-60)

Substituting equation (3-58) into equation (3-50c) gives the update equation:
(Os1dc)(t;) = (I - K;Gys;) (9s10c)(t;-) - KiG i Decltys tp) (3-61)
From equations (3-14c) and (3-58), the consider parameter contribution to the solve-for covariance is then
P(t) = (3s/de)(t) E[Ac(t,)AcT(1,)] (Os/dc)T(t) . (3-62)

As in the case of a batch filter, the dynamic noise contribution is more complicated to compute than the
other contributions. Substituting equation (3-11d) into equation (3-14d) and using equation (2-11) gives:

Py(t) = Dgy(t, 1;) Py(ty) DI(1, 1) + Dylt, ;) Pye(ty) o 11, 1)
+ D (1, 1) Py () D J(1, 1) + Dot 1) Dee(ty, 1) Dy 1(1 1)

+ Dyglt, 1;) (3-63)

fory; <t<t;, ), where
o Py(t,) =0 (3-64)
' Pye(t) = E[As, ()W (1, 1,)] (3-65)

and the random excitation covariance D is partitioned as in equation (3-7¢). It follows from equations
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(2-10), (3-7a) and (3-7b) that

Velttp) = Pecltity) Weltito) + We(tt) . (3-66)
Using this and equations (2-11) and (3-11d) in equation (3-65) gives the equation for propagating P,(t);

Puc(t) = D(t, 1) Pyc(t; ) D18 1) + Dy (1, 1) Dty ) Dyl (1 1)

+ Dge(t, 1) (3-67)

forts; <t<t;,, where

Puclto) = 0. (3-68)
From equations (3-14d), (3-50d) and (3-65), the update equations for P,(t) and P (t) are:

Py(t) = (I - KiGgp) Py(t;-) (I - KiGs)T - (I - KiG;) Pyc(ti-) G KT
~KiGei Pycl(-) (I - KiG)T + KiGei Decltity) GeTKT (3-69a)

Pyc(ty) = (I- KiGg) Pyc(ti-) - KiGei Dee(titp) - (3-69b)

A Kalman filter is a sequential filter which produces solve-for parameter estimates with minimum
covariance due to noise sources known to the filter [Gelb, Lefferts]. In addition to the solve-for parameter
estimates, a Kalman filter maintains an estimate P* of the solve-for parameter covariance, and uses this to

compute an optimal gain K; at each time ¢;. The covariance estimate P* is given by algorithms similar to
those for P, with the full state error vector replaced by the solve-for parameter error vector. The resulting
propagation equation for P* is

P*(1) = Dy ((t, ;) P(1;) DgI(1, 1) + Dgg*(t,1;) fort; <r<tyyg (3-70)

where the matrix D¢* is the estimate of the random excitation covariance used by the filter. It is based on
an assumed spectral density Q¢¢* of the dynamic noise on the solve-for parameters:

Dgg*(t, 1;) = ft "Bs(t, 1) Qg5 BT(1, 1) . (3-71)
The update equation for the colvariance estimate is

P*(t;) = (I - K,Gg;) P¥(t;-) (1 - KG )T + KR*K,T (3-72)
where R;* = an assumed value for the measurement noise covariance

and the Kalman gain is given by [Gelb, Lefferts]
K; = P*(t;-) GT [GP*(1;-)G T+ R L. (3-73)

Substituting equation (3-15) into equation (3-70), gives the following propagation equations for the
component contributions to P*:
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Pa*(t) = Dy(t, 1;) P*(1;) D T(1, 1) (3-74a)
Pp*(t) = Deo(1, 1;) Pp*(1;) @ssT(t, L) (3-74b)
PyX(1) = Dyt 1;) Py*(t) BTt ) + DggX(1, 1) (3-74c)

fort; <t < t;,;, with initial conditions
i i+1

Pg*(ty) = Py* = an assumed value for the a priori error covariance. (3-75a)

Substituting equation (3-15) into equation (3-72), gives the corresponding update equations:

Pa*(li) = (I - KiGSi) Pa*(tl'-) (I - KiGSi)T (3-763)
Pn*(ti) = (1 - KiGSi) Pn*(l‘i-) (1 - KiGSi)T + KiRi*KiT (3-76b)
PuX(t;) = (I - K;Gg;) Py*(-) (I - KiGg)T . (3-76¢)

A Kalman filter will produce an estimate with the minimum covariance P* due to the assumed
covariances P,*, R;* and Qg¢*. If the filter is mistuned, the true covariance will not be minimized. Using

equations (3-52), (3-55), (3-63) and (3-74) in equations (3-17) gives propagation equations for the
residual covariance contributions:
APy(t) = D(t, t;) APy(t;) D (1, 1) (3-77a)
APy (1) = Dy (1, 1;) AP (1;) <DSST(t, L) (3-77b)
APy(1) = Dy (1, 1;) APy(1; ) DT (1, 1) + D1, ) Pyc(t;) Dgl(t, 1)
+ Do (1, 1) Py cl(n) D T(8, 1) + D (1, 1) Dot 1) Do It 1)
+ Dgg(1, 1;) - Dgg*(t, 1;) (3-77c)

fort; <t<t;,;, where

APy(t,) = P, - Py* (3-78a)
APy (1p) = AP(t,) = 0. (3-78b)

Using equations (3-54), (3-57), (3-69a) and (3-76) in equations (3-17) gives update equations for the
residual covariance contributions:

AP4(t) = (I - KGg;) AP 4(t-) (I - K;G)T (3-792)
APy(1;) = (I - KiGg;) APy(1-) (I - KiGi)T + K; (R; - R*) K;T (3-79b)
APy(1) = (I - KiGy;) APy(t;-) (I - K,G5y)T - (I - KiGyy) Pyc(ti-) G KT

- KiGCi PucT(ti‘) (- KiGSi)T + KiGCiDCC(ti’tO) GCiTKiT . (3-79¢)
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4. CONCLUSIONS

Error analysis can be crucial during mission design, providing assistance in the specification of a
sensor complement and a calibration plan, possibly requiring a set of scheduled attitude maneuvers, to
deliver the pointing accuracy necessary to satisfy the mission objectives. Error analysis is also necessary
to determine what level of ground-based processing will be needed to meet high-accuracy attitude
determination requirements. Thus, to ensure the achievement of mission objectives, it is critical that the
analyst produce accurate estimates of determination uncertainties, especially the often-underestimated
contributions of process noise and consider parameter errors. In this paper we have presented a general,
comprehensive approach to filter and dynamics modeling for spacecraft attitude determination error
analysis.

The model is general in that it allows great freedom in specifying orbit geometry, sensor types,
measurement scheduling and parameter selection. Further, it covers both spin-stabilized and three-axis
stabilized spacecraft, with process noise appropriate to the two types of stabilization, and both batch
least-squares and sequential attitude estimation processes. This paper does not include models of sensors,
with the exception of a model for strapdown gyros used for dynamics model replacement in the three-axis
stabilized case. However, the only restriction on sensor modeling is that the measurement noise must be

additive.

The model is comprehensive in that it considers all the major sources of error in the determination
process. The model gives the separate contributions to the solve-for parameter uncertainty arising from
errors in the a priori estimates of the solve-for parameters, from measurement noise, from process noise,
and from consider parameter uncertainties, as well as the overall uncertainty due to all these sources of
error. This allows the analyst to judge the importance of various sources of error, and make informed
recommendations to reduce the effect of the largest contributors.

The analysis of the effect of dynamics errors in the batch estimation case is particularly important,
since batch filters generally do not account for this source of error. Indeed, for both the batch and the
sequential cases, the model carefully separates the estimation covariance based on frue sources of error
from the estimation covariance based on sources of error assumed by the filter. This gives the analyst the
ability to study mistuned filters. While the concept of tuning is primarily associated with sequential filters,
the presentation here makes it clear that it may also be an important consideration in the batch case.

The model for attitude determination error analysis presented here was developed as part of the
mathematical specification of algorithms for the computer-based Attitude Determination Error Analysis
System. This software system incorporates the dynamics model presented in this paper for three-axis
stabilized spacecraft, a simplified dynamics model for spin-stabilized spacecraft, slightly simplified batch
and sequential filter models and a wide variety of sensor models, including digital and analog sun sensors,
scanning and fixed-head star trackers, gimballed line-of-sight sensors, horizon sensors, and
magnetometers. The Attitude Determination Error Analysis System is currently undergoing acceptance
testing, and will be an important component of the institutional flight support software of the Goddard
Space Flight Center Flight Dynamics Division when this testing has been successfully completed.
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